Introduction {#Sec1}
============

In 1937 Ostrowski \[[@CR1]\] proved the following inequality.

Theorem {#FPar1}
-------
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                \begin{document}$$\biggl\vert \int _{0}^{1}f(t)\,dt - f(x)\biggr\vert \leq \biggl( \frac {1}{4} + \biggl( x-\frac{1}{2} \biggr) ^{2} \biggr) \sup_{t\in(0,1)}\bigl\vert f'(t)\bigr\vert . $$\end{document}$$ *The inequality is sharp*.

Inequalities that estimate deviation of a function from its mean value using different characteristics of the function are usually called Ostrowski type inequalities. Such inequalities have many applications, in particular in the area of numerical methods, and are heavily studied. See \[[@CR2]\] and the references therein for results connected with Ostrowski type inequalities for univariate functions of bounded variation and their applications.

The goal of this article is to obtain sharp Ostrowski type inequalities for multivariate functions and multidimensional sets of bounded variations. There are several ways to extend the notion of bounded variation to multivariate functions, see \[[@CR3]\] for a review of different approaches for functions of two variables; \[[@CR4]\] for the point of view that is generally accepted in literature now.

We introduce a new definition of bounded variation that is based on the Kronrod-Vitushkin approach \[[@CR5]\]. The introduced variation of a multivariate function has (unlike any of the Kronrod-Vitushkin variations) the following two properties: the variation does not change if the argument of the function is multiplied by a non-zero constant; and the variation of a multivariate radial function is twice bigger than the variation of the generating one-dimensional function, see Properties [9](#FPar26){ref-type="sec"} and [12](#FPar30){ref-type="sec"} below for rigorous statements of the properties.

The paper is organized as follows. In Section [2](#Sec2){ref-type="sec"} we list the notations used throughout the paper. In Sections [3](#Sec3){ref-type="sec"} and [4](#Sec7){ref-type="sec"} we introduce definitions, justify the correctness of the definitions, and list some properties of the sets and function variations. Section [5](#Sec11){ref-type="sec"} is devoted to Ostrowski type inequalities.

Notations {#Sec2}
=========
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It is assumed that product topology is induced on the Cartesian product of a finite number of topological spaces and product measure is induced on the Cartesian product of a finite number of measure spaces. By $\documentclass[12pt]{minimal}
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Variation of a set {#Sec3}
==================

Definition {#Sec4}
----------

### Definition 1 {#FPar2}
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### Definition 3 {#FPar4}
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                \begin{document}$$v_{p}(F):= \textstyle\begin{cases} ( \frac{1}{\mu\mathbb{P}^{d-1}}\int _{\mathbb {P}^{d-1}} v^{p}(F,r)\,dr) ^{ \frac{1}{p}}, & p\in[1,\infty), \\ \mathop {\operatorname {ess\,sup}}_{r\in\mathbb{P}^{d-1}} v(F,r), & p=\infty. \end{cases} $$\end{document}$$

### Remark 1 {#FPar5}
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### Definition 4 {#FPar6}

Let a compact set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F\subset\mathbb{R}^{d}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varepsilon\geq0$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\in[1,\infty]$\end{document}$ be given. Set $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V_{p}^{\varepsilon}(F):= \sup\sum_{k=1}^{n} v_{p}(F_{k}), $$\end{document}$$ where the supremum is taken over all partitions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F=\bigcup_{k=1} ^{n}F_{k}$\end{document}$ of the set *F* into a finite number of compact pairwise *ε*-disjoint subsets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F_{k}$\end{document}$.

### Remark 2 {#FPar7}
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Correctness of the definitions {#Sec5}
------------------------------

The proofs of measurability of the functions that stay under integral signs (Lemmas [1](#FPar8){ref-type="sec"}-[5](#FPar21){ref-type="sec"}) use ideas from \[[@CR5]\] (Chapters 2-5) and \[[@CR6]\] (Chapter 2).
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We need the following lemma.

### Lemma 1 {#FPar8}
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### Definition 5 {#FPar9}
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### Lemma 2 {#FPar10}
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The following lemma holds.

### Lemma 3 {#FPar11}
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### Lemma 4 {#FPar12}
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Some properties of the sets variation {#Sec6}
-------------------------------------

The following property is a direct consequence of the definitions.

### Property 1 {#FPar13}
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### Property 3 {#FPar15}
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### Property 4 {#FPar16}
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                \begin{document} $$\begin{aligned} \sum_{k=1}^{m}v_{p}(T_{k}) =& \sum_{k=1}^{m}v_{p} \bigl((T_{k} \cap F_{1})\cup(T_{k}\cap F_{2})\bigr) \\ \leq&\sum_{k=1}^{m}v_{p}(T_{k} \cap F_{1})+\sum_{k=1} ^{m}v_{p}(T_{k} \cap F_{2}) \\ \leq& V_{p}^{\varepsilon}(F_{1})+V_{p}^{ \varepsilon}(F_{2}) \end{aligned}$$ \end{document}$$ since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{T_{k}\cap F_{1}\}_{k=1}^{m}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{T_{k}\cap F_{2}\}_{k=1} ^{m}$\end{document}$ are partitions of the sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F_{1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F_{2}$\end{document}$ into pairwise *ε*-disjoint compact subsets. This implies that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V_{p}^{\varepsilon}(F)\leq V_{p}^{\varepsilon }(F_{1})+V_{p}^{\varepsilon }(F_{2}). $$\end{document}$$ On the other hand, for arbitrary partitions of the sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F_{1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F_{2}$\end{document}$ into compact *ε*-disjoint sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{T_{k}^{1}\}_{k=1} ^{s}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{T_{k}^{2}\}_{k=1}^{m}$\end{document}$ respectively, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s,m\in \mathbb {N}$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl\{ T_{k}^{1}\bigr\} _{k=1}^{s}\cup \bigl\{ T_{k}^{2}\bigr\} _{k=1}^{m} $$\end{document}$$ is a partition of the set *F* into compact *ε*-disjoint sets, and hence $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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### Property 5 {#FPar17}
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Note that each *ε*-connected component of a compact set is compact. Hence, by Properties [4](#FPar16){ref-type="sec"} and [1](#FPar13){ref-type="sec"}, $\documentclass[12pt]{minimal}
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### Property 6 {#FPar18}

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F\subset\mathbb{R}^{d}$\end{document}$ is a compact set, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha\neq0$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha F:= \{\alpha x\colon x\in F\}$\end{document}$, then for arbitrary $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\in[1,\infty]$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{p}(F) = v_{p}(\alpha F)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V_{p}(F) = V_{p}(\alpha F)$\end{document}$.

The property follows from the observation that for arbitrary $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\in\mathbb{P}^{d-1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta\in\Pi^{d-1}(r)$\end{document}$ one has $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N(F\cap l(r,\beta))= N(\alpha F\cap l(r,\alpha\beta))$\end{document}$ and hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v(\alpha F,r)= v(F,r)$\end{document}$.

Variation of a function {#Sec7}
=======================

Definition {#Sec8}
----------

### Definition 6 {#FPar19}
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                \begin{document}$$L(f;t):=\bigl\{ x\in E\colon f(x)=t\bigr\} $$\end{document}$$ is called a level set of the function *f*.

The variation of a continuous function is given by the following definition.

### Definition 7 {#FPar20}
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Correctness of the definitions {#Sec9}
------------------------------

We need to prove that the functions under the integral signs are measurable.

### Lemma 5 {#FPar21}
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Without loss of generality, we may assume that $\documentclass[12pt]{minimal}
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                \begin{document}$v_{p}(L(f;\cdot))$\end{document}$ is measurable. Consider the graph $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Gamma(f):=\bigl\{ (x,t)\in \mathbb {R}^{d+1}\colon x\in E, f(x)=t \bigr\} $$\end{document}$$ of the function *f* and two functions $\documentclass[12pt]{minimal}
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Since the set *E* is compact and the function *f* is continuous on *E*, the set $\documentclass[12pt]{minimal}
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Some properties of the function variation {#Sec10}
-----------------------------------------

Below we list some properties of the function variation. Everywhere $\documentclass[12pt]{minimal}
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### Property 7 {#FPar24}
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The fact that variations are non-negative follows from the definition. If *f* is constant, then it has exactly one non-empty level set.
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### Property 9 {#FPar26}
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### Property 10 {#FPar27}
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### Property 11 {#FPar28}
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### Remark 3 {#FPar29}
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### Property 12 {#FPar30}
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Main results {#Sec13}
------------

The following theorem is the main tool to prove Ostrowski type inequalities for functions and sets of bounded variation below.

### Theorem 1 {#FPar33}
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We will prove Theorem [1](#FPar33){ref-type="sec"} in the next subsections. Here we state two consequences of this theorem, which can be considered as Ostrowski type inequalities.

### Theorem 2 {#FPar34}
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*The inequality is sharp*. *It becomes equality only in the case when* *f* *is constant*.
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### Remark 4 {#FPar36}
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### Remark 5 {#FPar37}
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More auxiliary results {#Sec14}
----------------------
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### Lemma 10 {#FPar38}
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### Lemma 11 {#FPar39}
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Proof of Theorem [1](#FPar33){ref-type="sec"} {#Sec15}
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Finally, having ([20](#Equ20){ref-type=""}), we can write $$\documentclass[12pt]{minimal}
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The same example as in Theorem [3](#FPar35){ref-type="sec"} shows that inequality ([9](#Equ9){ref-type=""}) is sharp.
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